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Abstract :

This article takes up a large passage from the book Shaft weaving and grah design , by Olivier

Masson and Francois Roussel, first published in 1987 by En Bref. The first part, from chapter 2,
and the A of the second part ; from page 31 to 108.

It introduces and develops a mathematical model of weaving, based on relations.
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Chapter 2

Representation of the cloth diagram using relations

Several mathematical models of weaving have been developed, based on real numerical functions or
parametric equations. If they can shed light on certain aspects of the cloth : its direction of variation,
its slope or inclination, the influence of a stretch of threading or treadling, the separation of the cloth
into different surfaces, etc. However, two basic criticisms can be made:

- The diagrams are represented by curves. This type of representation is suitable for threadings, but
1s unable to take into account the full reality of a treadling or a tie-up where the entire surface of the
diagram contains information. These models are therefore limited to the description of the graphic
curve of a cloth, possibly considered as separating it into several surfaces.

- The curves studied are defined on infinite sets and are continuous at least piecewise. But the reality
of weaving is quite different : there is a finite number of threads, shafts, picks or peg-plans. Working
on infinite sets of points does not allow us to study a particular point : for example moving a shalft,
which greatly affects a cloth, would not make sense in this model.

For these reasons we are going to build a new mathematical model of the cloth, closer to the reality
of weaving, in particular a digital model, dealing with finite sets.

This study requires a greater familiarity with mathematics, however its results can be expressed in an
intuitive way accessible to all.

1- REPRESENTATION OF A DIAGRAM BY A RELATION
a) Representations of diagrams by relations.

In the practice of weaving, the threads, picks, shafts and peg-plans are numbered from 1; also we will
choose as working sets intervals of N (the set of natural numbers) of the form: [ 1,n] =
(1,2,...,n-1,n).

A
p
y < xAy
F=[1p]
2
1 | |
1 2 3 X

E=[1,n]
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We will consider a diagram A, rectangle of grid paper, of n columns and p lines, as the graph of a
relation from E = [I,n] in F = [1,p].

Columns are numbered from left to right, starting at 1.

Rows are numbered from bottom to top, starting at 1.

The domain will therefore be drawn on the width and the codomain on the height. A black square
(x,y ), or across in the square ( x, y ), will indicate that x 1s in relation to y by the relation A, we will
note x Ay (Beware of the meaning ( x, y ) is different of (y, x ), we can have x Ay and noty A x ).

Square of coordinate diagram ( x, y ) black (contains a cross) <=>x Ay
2- TWO RESTRICTIVE CONDITIONS ON THE RELATIONS STUDIED

For the sake of simplifying the results and adapting to the practical reality of weaving, we will limit
ourselves to the study of diagrams having the following two properties :

a) the diagram will not contain any empty columns.
We will then say that the relation A from E to F 1s everywhere defined :

VxeE 3dyeEF xAy

b) the diagram will not contain any empty lines
We will then say that the relation A from E to I is surjective :

VyeF dx€E xAy

In weaving, these two conditions are always met :

In a treadling diagram, we don't skip picks, we don't write treadles that are useless.

In a threading diagram all ends are threaded and all shafts are used.

In a tie-up diagram each treadle controls at least one shaft and each shaft is controlled by at least one
treadle.

However, during our study, we will encounter diagrams with empty rows or columns. By digitizing a
curve or approximating it on a drafting network.

A non-surjective and not everywhere defined relation
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A surjective and everywhere defined relation
These diagrams can clearly be reduced to diagrams meeting the above conditions by deleting empty
rows or columns. Their properties will be 1dentical (except for holes), however their graphic

properties can be hidden.

The relations studied hereafter will therefore be assumed to be everywhere defined and surjective,
unless otherwise indicated. Their diagrams will therefore have no empty rows or columns.

3- SOME DEFINITIONS
a) We will say of a relation A from E to I that it is a mapping if and only if

VxeE 3JlyeF xAy

A relation is a mapping if and only if
its diagram contains a cross and only one per column.

In weaving, a threading diagram always has this property. Indeed all the ends are threaded in a shaft
and only one. A threading diagram 1s therefore a mapping (surjective, as all relations are assumed
here). However, to maintain the generality of our subject, we will also consider the case of any
threading diagram, not corresponding to the property of a true threading.
b) We will say of a relation A from E to F that it is injective if and only if

VyeF V(x,x)EE? xAy and xXAy => x=x

An injective relation is therefore a relation which does not include more than one cross per line. As
we assume our surjective relations (at least one cross per line), we can state :

https://oliviermasson.art ® Page 7/ 105


https://oliviermasson.art

A relation 1s injective if and only 1f
its diagram contains a cross and only one per line.

Note : we will also speak of injection for an injective relation. Usually the term injection is reserved
for mappings, it is clear that we will consider here injective relations which are not mappings (an
injection may have several crosses per column).

As we only consider surjective everywhere defined relations, the notions of mapping and injection
are perfectly symmetrical : one concerns the columns and the other the rows of the diagram.

A rectangular injection diagram will necessarily have more rows than columns. Indeed, imagine that
there are more columns than rows. As the relation is everywhere defined, there is at least one cross
per column. There would be more crosses than lines and therefore at least one line containing more
than one cross. The relation would therefore not be injective.

]
n
H
|
|
|
n
||
i _
| L H
| | | L
[ | C
H EEEEEE | u
Injection Mapping
<=> A cross and only one per line <=> A cross and only one per column
Injection => width < height Mapping => width = height

Similarly, a rectangular mapping, which is assumed to be surjective, will necessarily have more
columns than rows.

When do square mappings and injections happen ?
c) We will say of a relation A from E to F that it 1s bijective if and only if it is both a mapping and an

Injection.
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A relation 1s byjective i and only 1if its diagram contains a cross and only one per line and per
column.

Bijection
<=> A cross and only one per line and per column
Bijection => width = height

A bijection diagram therefore contains as many crosses as lines and columns; it 1s square.

Conversely, consider a square diagram, comprising one cross and only one per line, or one cross and
only one per column. Our relations are assumed to be everywhere defined and surjective, 1e.
containing at least one cross per column and per line. Such a diagram will therefore have one cross
and only one per line and per column; it is a bijection.

Square mapping <=> Bijection
Square injection <=> Bijection
Mapping and injection <=> Bijection

d) Parallel between the language of weaving and that of mathematics.

A diagram 1s a rectangle of graph paper, it has a width and a height.

Each square can be black or white (checked or unchecked).

Columns are numbered from left to right, starting at 1.

Rows are numbered from bottom to top, starting at 1.

When it is considered alone we will speak of "weave structure", it is a "unit" of weaving,
It is then considered as a potential drawdown.

Its width is the "repeat in width" of the weave structure and its height its "repeat in height".

A diagram 1s represented by a relation.
Diagram A square with coordinates ( x, y ) black <=>x Ay x is in relation to y by A

When the diagram has a precise function the vocabulary changes.

If it's a "drawdown".

The columns represent the warp threads.

The lines represent the weft threads. A line is also a pick, we pass a weft thread in the shed formed by
the warp threads.

A square of graph paper represents an "interlacing", that is to say the intersection of a vertical warp
thread and a horizontal weft thread.

A black square is a "riser". The warp threads are lifted, the weft thread going below.

A white square 1s a "sinker". The warp threads are lowered, the weft thread going above.

The width of the drawdown is equal to the width of the threading.
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The height of the drawdown is equal to the height of the peg-plan.

A warp float 1s a sequence of consecutive vertical black dots.

A weft float 1s a sequence of consecutive horizontal white dots.

The term "Cloth" names all the diagrams representing a calculation of cloth ( Peg-plan - Threading -
Drawdown and possibly tie-up )

If it1s a "Threading".

The columns represent the warp threads.

The lines represent the shafts.

A black square indicates that the warp threads of the column are threaded in the shaft (in the heddle
carried by the shaft) of the line.

Each end is threaded in a shaft and only one.

Threading is a Mapping

It 1t's a "Peg-plan".

The columns represent the treadles; or any other device controlling the lifting of the shatfts : pegs
dobby, punched cards, electronic dobby.

The lines represent the picks; at each pick we pass a weft thread.

Each treadle, with number n, controls the shaft of the line with the same number n.

The width of the peg-plan is equal to the height of the threading.

A black square indicates that for this pick, on the line, the treadle of the column raises the shaft of
the line of the same number as the column.

If it's a ""l1e-up".

The columns represent how the treadles are "tied" to the shafts.

The lines represent the shafts.

The height of the tie-up is equal to the height of the threading.

A black square indicates that the column treadle is attached to the line shaft.

If the treadle 1s lifted for a pick, the shafts marked in black in that column of the tie-up will be lifted.

If it's a "Ireadling". It is then assumed that there 1s a tie-up.

The treadling is a peg-plan that controls the shafts via the tie-up.

The columns represent treadles that are "tied" to one or more shafts as shown in the tie-up.

The width of the treadling is equal to the width of the tie-up.

The lines represent the picks; with each pick one or more treadles are pushed.

A black square indicates that the shaft is up for a pick, the shafts marked in black in that column of
the tie-up will be up.

We may be led to consider a treadling where each pick raises one and only one treadle.

The treadling is then injective.
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4- COMPOSITION OF RELATIONS

a) Definition

Given a relation A, from E to F : E >F

and a relation B, from F to G : F > G

such that B has for domain, the codomain of A;

or again, such that the width of B is equal to the height of A |

we can define a relation, from E to G, called composed of A followed by B, denoted B o A (read B

round A), by :
BoA=((x,z)EExG/3dyEF xAyand yBz)
V(x,2)EExG x BoAz <=> dy€F xAyand yBz
A B
E > F > G
X y z
BoA
E >G
X z

B o Ais a relation from E to G ; the width of B o A is therefore equal to the width of A, the height of
B o A is equal to the height of B.

For an element x of E to be in relation by B 0 A to an element z of G, it is necessary and sufficient
that we can find an element y of F which is both in relation with x by A and with z by B. This
element 1s not in general unique. To find all the elements of G which are in relation by BoA with an
x of E, it suffices to search for all the elements of F in relation with x by A, then all the elements of G
in relation by B (With these same elements by I).

Pay attention to the order of the relations. The element y of F corresponds to a row of A and a
column of B. The diagonal drawn in the extension of A and B allows us to establish the
correspondence between the rows of A and the columns of B. This diagonal 1s of course square, the
width of B being equal to the height of A.

If we represent the relations by graph paper diagrams, we will represent the composition of the
relations by arranging the diagram A at the top left, the diagram B at the bottom right and the result
B o A at the bottom left, under the diagram A and to the left of diagram B.

We thus visualize that the height of A is equal to the width of B, the first diagonal making the link,
that the width of B o A is equal to the width of A and that the height of B o A is equal to the height

' 4

BoA B
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The relation B o A is the composition of A followed by B

Note that if A and B are everywhere defined and surjective, B o A 1s also everywhere defined and

surjective. Moreover, the composition of relations 1s associative :
Co(BoA) =(CoB)o A which we will note : CoBo A

The composition of relations is not commutative. We can compose relations in both directions : B o
A and A o B, only for square relations and in general B o A is different from A o B. In the practice of
weaving we manipulate rectangular diagrams and most time no ambiguity is possible ; however, we
will beware of all abusive calculations.

In the calculations it will always be necessary to ensure that the composition of the relations that one
writes exists.

B o A exists <=> The width of B is equal to the height of A.

In an equation A = B:

we can compose ("multiply") by a relation X to the right of each of the terms of the equation, if and
only if the height of X 1s equal to the width of A and B.

(A=B=>A0X=BoX)<=>height of X =width of A and B

we can compose ("multiply") by a relation X on the left of each of the terms of the equation, if and
only if the width of X 1s equal to the height of A and B.

(A=B=>Xo0A=Xo0B)<=>width of X = height of A and B

b) Cloth, Peg-plan representation - Threading - Cloth diagram.

The set of diagrams of a cloth represented in the form Peg-plan - Threading - Tissue diagram, can
be considered as a relation composition:
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Consider the cloth formed from a threading, a peg-plan and a drawdown, the result of the "cloth
calculation". Both threading and peg-plan diagrams can be represented by the R and C relations ;
the only particularity being that R will always be a mapping. Indeed each end of a threading 1s
threaded in a shaft and only one.

A square of the cloth will be checked if the corresponding warp threads is lifted to this pick. In other
words, if’ we can find a shaft, in which the end 1s threaded, which is lifted to this pick. The end 1s in
relation with the shaft which itself is related to the pick. The drawdown T is exactly the relation C o
R.

Let's look at this in more detail:
A black square in a diagram means that the abscissa 1s related to the ordinate.

A 1s the threading: E is the set of ends > I 1s the set of shafts
x A'y: the end x 1s threaded in the shaft y

B is the peg-plan: F 1s the set of shafts > G 1s the set of picks

y B z: shaft y is lifted at pick z

B o A 1s the drawdown: E is the set of ends
x BoA z: end x 1s lifted to pick x.

> G 1s the set of picks

A B
Threading Peg-plan
E >F > G
Ends Shafts Picks
X y z
BoA
drawdown

E >G
Ends Picks
X z

Let's translate the definition of the composition of relations into weaving language :
V(x,2)E€ExG x BoA z <=> dy€F xAyand yBz

For all x in E and for all z in G, x 1s related to z by the relation BoA,

1s equivalent to,

there exists an element y of I such that

x 1s related to y by relation A, and, y is in relation with z by relation B.

For any end x and for any pick z in the BoA drawdown, the end x is lifted to the pick x,
1s equivalent to,

there 1s a shaft y such that

the end x is threaded into the shaft y in the threading, and,

the shaft y 1s lifted to the pick z in the peg-plan.
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We will therefore represent the calculation of the drawdown T, of the threading R and of the peg-
plan C, by the composition of the relation R followed by the relation G :
T=CoR

We will call T = C o R the "calculation of the cloth", or the "cloth formula"
xRy and yCz <=> x CoR z

I. I. .I .;

HE BEEE EE B
H_HEE BEEEE- SN
HEN IE I== L]

The drawdown T is the composition of the threading R followed by the peg-plan C
T=CoR

To avoid errors in the English translation,
the formulas have not been transcribed. Threadi ng R
Thus we will speak by default of :
- a threading R. R 1s the first letter of
Rentrage, threading in French.

- a tie-up A. A is the first letter of Attachage,

tie-up in French. T = C O R
- a treadling M. M is the first letter of
Marchure, treadling in French.

- a peg-plan C. C 1s the first letter of Carton, O
peg-plan in French. c
- a drawdown T. T 1s the first letter of Tissu, @
drawdown in French. Drawdown CI).
(@)

©

al

The Peg-plan-Threading-Drawdown representation

In the "Peg-plan - Threading - Drawdown" representation,

each treadle of the peg-plan is connected to the shaft of the threading of the same number.
The peg-plan columns correspond to the threading rows ; the height of the threading is always equal
to the width of the peg-plan.
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5- RECIPROCAL RELATION

Given a relation A from E to F, we call the reciprocal relation of A, and we note A-l, the relation

from F to E such that :
Al=(yx)EFXE/xAy

V(y,X)EFXE yAlx <=> xAy

A
E———>F
x y

A-l
E<—F
x y

The diagram of the reciprocal relation Al 1s, the
symmetrical of that of A, with respect to the first
bisector.

We go from A to A-! by exchanging rows and columns.
The width of A-lis equal to the height of A.

The height of A-!1s equal to the width of A.

Note : the reciprocal of a relation should not be confused with the reciprocal mapping of a bijection.
A relation 1s not in general a mapping and a mapping has a reciprocal mapping only if it is bijective.
However, in the case of a bijective relation, the two notions coincide ; we can consider the notion of

reciprocal relation as an extension of the notion of reciprocal of a bijection.

It 1s clear that the reciprocal of the reciprocal of A is equal to A :

(Al)-1=A

We have already noticed that the notions of mapping and injection are "symmetrical", one applying
to columns and the other to rows. Let us express this result more rigorously by showing that if A is

injective then A-! is a mapping and vice versa.

A'1s a mapping from E to I

VxeE J!lyeEF xAy

Vx€E (IyeEF xAy and V(y,y")EF2 xAy and xAy"

VxEE (V(y,y")EF2 xAy and xAy"' => y =y"
Because A is everywhere defined (VxEE JyEFxAy)

VxEE (V(y,y")EF2 y' Alx and y'"Alx => y' =y"

A-l'is an injection from F to E

Applying this result to Al we can state :
A'1s a mapping <=> A-l'1s an injection
Ais aninjection ~— <=> A-l'is a mapping
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6- SYMMETRICAL RELATION
We will say of a relation A that it is symmetric if it 1s equal to its reciprocal : A = A-l

Vx,y)EEXxE xAy=>yAx

A symmetric relation A is square.

Indeed the height of A is equal to the height of A-!, which 1s equal to the width of A.
The diagram of a symmetric relation is symmetric with respect to the first bisector.

7- FIRST DIAGONAL I. STRAIGHT DIAGRAM.

For each set [1,n] there exists a particular relation, the identical mapping of [1,n] in [1,n] that
we will note I, , defined by :

L= ((xy)E[ln]2/x =y)
V(X,y)E[l,n]Q xLhy <=> x=y

Is

I, , 1s bijective, square and of side n. When no confusion 1s possible, it will simply be noted I.
The diagram of I, 1s the first diagonal of the square of side n. In weaving we will speak of straight
diagram by dimensions n.

I is symmetric : [=11

https://oliviermasson.art ® Page 16/ 105


https://oliviermasson.art

Given a relation A from E to I and I the identical mapping of I (A and I have the same height) we
have :

[oA=A
letx of E andy of F
x [oA'y <=> dz€F xAz and z 1y
x [oAy <=> dz€F xAz and z =y
x [oAy <=>

xAy

IoA=A

Given a relation B from E to I and I the identical mapping of E (B and I have the same width) we
have :

BolI=B
letx of E andy of F
x Bol y <=> dz€E xIz and z By
x Bol y <=> dz€E x=z and z By
x Bol y <=> xBy

Bol=B
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We find here the results concerning the weaving :
A straight treadling reproduces the threading to the drawdown.
Straight threading replicates threading to the drawdown.

Although care should always be taken with the size of the diagonal and the direction of the
composition of the relations, for the calculation, we will retain that we can simplify by I to the right

and to the left.

IloA=A Bol=B

8- RECIPROCAL OF THE COMPOSITE OF TWO RELATIONS
Given a relation A, from E to I a relation B from F to G and the composite B o A.

A B
E > F > G

BoA
E > G

consider the reciprocal (B o A )! of the composite B o A

(BoA)!
G > E

let z be an element of G and x be an element of E

z(BoA)lx <=> x BoA z definition of (B o A)!

z(BoA)lx <=> dyeF xAy and yBz

z(BoA)lx <=> dyeF y Al x and zBly definitions de A-! and de
B-1

z(BoA)lx <=> z A'loB! x

So we have
(BoA)!=AloB!
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AloB1=(BoA)

The reciprocal of the composite is therefore equal to the composition, in the opposite order, of the
reciprocals.
This result easily generalizes to the composition of several relations :

(GoBoA)yl=AloB!loC!

(CoBoA)yl=(CoB)oA)!
(GoBoA)l=A1lo(CoB)!
(CoBoA)yl=A1lo(B!oCl
(CGoBoA)y!=AloB!oC!
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9- COMPOSITE OF A RELATION WITH I'TS RECIPROCAL

a) Properties
Let A be a relation from E to I and A-! from F to E its reciprocal.

The composite A-l o A and the composite A o A-! still exist, because the width of A-! is equal to the

height of A, and the width of A is equal to the height of A-l.

Let us show that A-! 0 A is symmetric :
(Ao Ayl =Alo (A1)l
(AToAl=AloA

Al o A being equal to its reciprocal, 1s therefore symmetric.

Let us further show that Al o A contains the diagonal of E :
A1 everywhere defined so :

VxEE dyEF xAy
xAy <=> yAlx
So we have
VxEE IyEF xAy and yAlx
Thatistosay VxEE x (A-loA) x
all points ( x, x ) of the diagonal I of E therefore belong to A-loA

These results apply to any relation and in particular to A-!

(A1 o (A1), 1.e. A o Al 1s therefore also symmetric.
Moreover A o A-! contains the diagonal of I

A-1oA and AoA-! are symmetric and contain their diagonal I (in red)
The composite of a relation A followed by its reciprocal is symmetric and contains I

Page 20 / 105
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b) "Weaved as drawn in"

Let's anticipate chapter 6. This situation corresponds to the case where, in weaving, threading 1s
taken as treadling ; we still say that we "weave as drawn in". In fact we take for treadling R-! | the
reciprocal of threading R. The cloth T has the form: T =R-1o R

We now know that such a cloth will contain the first bisector and will be symmetric with respect to it.
This symmetrical curve organized around the first diagonal is of great importance from the
graphical point of view ; Brandon-Guiguet calls it "threading axial".

oo e e

L L L I:.:: .:: .: L::_

When the threading is used as treadling (when we weave as drawn in), the graphic line of the cloth
contains the first diagonal (in red) and is symmetrical with respect to it.

Note that the phrase "threading is taken as treadling" implies : symmetrically with respect to the first
bisector ; treadling is not equal to threading but to its reciprocal. The abilities of a particular
threading to produce symmetric graphics by repeating diagonally are highlighted here ; we will see
later that this 1s not the only case to consider. The symmetry here concerns the graphic line of the
cloth alone ; the tie-up is straight and the treadling is also not set in weave structures because it is the
symmetry of a threading. We will also see later under what condition this property is preserved when
we set weave structures in the tie-up.
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c) Simplification rules. Invertible relations.

We have seen that A-! o A contains the diagonal I, i.e. that I 1s included in A-! o A.

Let us now find under which condition A-! o A 1s equal to L.

Suppose that A-l o A =1 ; let us show that then A is injective.
Let x' and x" be elements of E in relation with an elementy of F :

x'Ay and x"Ay => x'AyandyAlx"
x'Ay and x"Ay => x' AloA x"
x'Ay and x"Ay => x'Ix"

x'Ay and x"Ay => x' =x"

A 13 therefore injective

Conversely let us show that if’ A is injective, then A-1o A = L.
Let an element x of E in relation by A-! oA with an element z of E
x AloA z <=> JyEF xAy and yAlz
X AloA z <=> JyEF xAy and zAy
x AloA z => x=z  because A s injective
x A'loA z => xIz
A-lo A containing I we therefore have A-lo A=1

A'o /i'. l.l...1.l m
=g .~ PHLLL"
. m A m

AloA=1 <=> Aisinjective

We can therefore, when A 1s injective, simplify by A on the left :
AoX=A0oY => AloAoX=AloAoY
AoX=AoY => JloX=IoY
AoX=AoY => X=Y

When A is injective, we can simplify by A on the left
AoX=AoY andAisInjective => X =Y

https://oliviermasson.art ®
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Applying this result to A-! we can write :
(AlYloAl=1 <=> Alisinjective
A-linjective <=>  Ais amapping

A’ :ﬂ

u
o
m
A O &1.. I.I. - .- |
. u ]
n " A i
n |

AoAl=1 <=> Aisamapping
We can therefore, when A 1s a mapping, simplify by A on the right :
Xo0A=YoA => XoAoAl=YoAoAl

XoA=YoA == Xol=Yol
XoA=YoA == X=Y

When A is a mapping, we can simplify by A on the right
X0oA=YoA and Aisamapping => X=Y

In the case of a square relation, we can deduce from the two previous results :
AloA=AoAl=1 <=> Aisabiection
On the other hand we can, when A is bijective, simplify by A on the right and on the left :

When A is a bijection, we can simplify by A on the right and on the left
(XoA=YoA orAoX=Ao0Y) and Aisabyection => X=Y

Let's summarize the previous results :

AloA=1 <=> Aisinjective
We can simplify by A on the left

AoAl=1 <=> Aisamapping
We can simplify by A on the right

AloA=AoAl=1 <=> Aisabijection
We can simplify by A on the right and on the left
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If two relations A and B are injective, and the composite B o A exists, then B o A 1is injective.

Consider two injective relations A and B whose composite B o A exists.
AloA=1 <=> Aisinjective (I1s the identity of the height of A)
BloB=1 <=> Bisinjective (I1s the identity of the height of B)

let's calculate (B o A)' o (B o A)

BoA'loBoA =AloBloBoA
BoAfloBoA)=AloloA
BoAjloBoA) =AloA
BoAjloBoA) =1

So B o A is injective

W
u
]
n
|
|
u
o
u
|
u
]
u
I
u
|
|
——
| u
| u
| o
]
u u
u ]
L] L]
] o
L] ]
u u
= u
| ]
u o
| u
| =
] ]
| |
u
" "a
| ]
u |
o |
] |
] |
] |
| | |
| |
| . L}

A and B injective => B o A is injective.

In the same way
If two relations A and B are mappings, and the composite B o A exists, then B o A is a mapping

Consider two mappings A and B whose composite B o A exists.
Then (B o A)!exists ; Al o B! exists.

A and B are mappings, then A-! and B-! are injective.
So Al o B-! 1s injective.

So (Al o B-1)! 1s a mapping,

So (B-1)! o (A-1)! 1s a mapping

So B o A is a mapping.

A and B are mappings => B o A 1s a mapping
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We will say that a relation A is invertible if it has an inverse B ; that 1s, if there is a relation B such
that AoB=BoA=1

Remark : if we consider the set of square relations of side n, we can say that, if’ A is a bijection, then
A 1s invertible and that its inverse 1s equal to its reciprocal A. This partly justifies the notation of the
reciprocal of A by A-l. Let us fully justify this notation by showing that all invertible relations are
bijections and that their inverses are equal to their reciprocal.

Let A be an invertible relation and B its inverse :
AoB=BoA=1
A and B must therefore be square; they are relations from E to E.
We have by definition of I:
VxEE xIx
and therefore knowing that Bo A =1
VxEE 3JyEE xAy and yBx

We can therefore affirm that A is everywhere defined and that B is surjective. By reasoning with
A o B we show that A 1s surjective and that B 1s everywhere defined.

Let us show that A is injective :

Let y be an element of E, x' and x" elements of E such thatx' Ay andx" Ay
B 1s everywhere defined so there exists an element z of E such that:y B z
xX'Ay and yBz => x'BoAz
xX'Ay and yBz => x'Iz
xX'Ay and yBz => x'=z
likewise
x"Ay and yBz => «x"=z2

"

x"Ay and yBz => x"=
A 1s therefore injective

A 1s square and injective, therefore bijective. According to what precedes its inverse B is therefore
equal to A-l.

The notion of reciprocal of a relation therefore coincides with the notion of inverse, for bijections.

The notation of the reciprocal of a relation A by A-! is therefore acceptable, moreover it prolongs the
notion of reciprocal mapping, traditionally noted 1.
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10- INVOLUTIVE RELATION
A relation is said to be involutive 1if it is both symmetric and bijective.

We then have : A=A"1 and AToA=Ao0Al=1
1e A2 =1

Conversely consider a relation A such that A2=1:

if we write: Ao A=AoA=1
it follows from the above that A is invertible and bijective. Moreover its inverse A is equal to A,
which means that A 1s symmetric.

A s involutive <=> A = Al and A-loA=Ao0Al=1
A is involutive <=> A is symmetric and bijective
A s involutive <=> A2=]

11- SECOND DIAGONAL -I. RETURN DIAGRAM.

For each set E = [ 1, n ]: there is a particular relation, which we will note -I,, , which matches each x
of E with its opposite modulo n+1, that is n+1 - x. We will denote this relation -I when there is no
ambiguity.

Vx,y)E[Ln]2 x-lhy <=> x+y=n+l

The diagram of -1, 1s the second diagonal of the square of side n. In weaving we will speak of return
diagram.

-1, 1s byjective, symmetric and therefore involutive.

(I'=-1 and (I2=1
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12- CALCULATION ON STRAIGHT AND RETURN DIAGRAMS

Here we find the calculation rules on straight and return diagrams :

| || | ||
. . "u
|| || - ||
l_. | -; N
l. l. .I I. .. -I l- .l
Sl "l ™ "l "= .
| || || | EEEEE
Iol=1 lo-I=-1 JolI=-I Jo-I=1
+ x +=+ + x -=- - X +=- - X -=++
nm - s " - - n . ™
-.. .I.I. .I. - -I. .I.- .I = -I .I. .q
(T - iy [ - - N u u u w] [T=
o L CHE o u . LI o - "
-I = .-I -.- % Ir -.I -- .. = | = ..- | -I 1
" " " s a" n n . " n " "
e e :-.__ '“l' R SR En R R iR PR
-:.:- -:- -:-:- .:- :. -:. -:.:- .:- -:l L -:-
...l -... -..- ...l -.-- -... : n o - l.-- -... -..- -..-
3 .l.l- . .-'. .l.l. .'-. . l.. .-'. -l.l. '-. .-I- I .--
eophiceas.  shieechdstts Soces, et okt pbecela. Shike Seah, |
.l.l. '-. '-.-' .-' . '-. .l.l. .-' .I. '-.
M= i " n n ' . o s
.l.l. .l. .l-l. .l. " .l. -l-l. .I. -l. .I-
-...l -...--..- ....l -.--. -...-. u o - l.--. -...- -..- --..-
-.- I.. ..-' ..- -.- --.- “n .-' -l.l.- --.- -I.. -.--
SogfieEe R ket hecets, .. R |
s-o-fsthe Seets. S cEEEahga s etk e Lol R HES
.-- -. -- ..- -.. -. = - -.. -.. I1 -.-
Jo-I=1 Sx -=+

A simple mnemonic is to think of the rule of signs : minus by minus equals plus, etc., the +

representing the first diagonal I (rising to the right) and the - representing the second diagonal (rising
to the left). In a straight-and-return weave, isolating one straight or return repeat, from the threading

and another in the treadling one is faced with the computation of one of the above elementary

weaves. With these rules in mind, you can very quickly establish a complete diagram of the cloth (like

those of Rondo Amigo).

This technique can of course be extended to threading and treadling by straight and return blocks.
However if here I commutes with -1, as with all relations, it is not the same for -I as we will see in

what follows. The analogy with the signs is therefore to be restricted to this very specific case.
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13- GEOMETRIC TRANSFORMATIONS OF A DIAGRAM
a) Expression of a geometric transformation

Composing a relation A with -I can be seen as subjecting it to a simple geometric transformation :

|
|
| |
| u
L
|
|| |
| |
|
|
Ao-lI
The diagram -I o A is the symmetrical The diagram A o -1 1s the
with respect to the horizontal of the symmetrical with respect to
diagram of A. the vertical of the diagram of

A.

Note that the -I relation in the -I o A expression is not the same as the -I relation in the A o -1
expression.

In the expression -I o A, -I has the same width as the height of A.

In the expression A o -I, -I has the same height as the width of A.

b) Expression of any geometric transformation

In weaving, complex designs are most often constructed using an elementary pattern that has been
turned or reversed a certain number of times ; in other words, the basic pattern is subjected to a
simple geometric transformation. Let us clarify this point : the pattern is not deformed, the geometric
transformation 1s such that the transformed pattern is "superimposable" on the starting pattern. The
drawings are made on squared paper. When we talk about turning a pattern, we mean turning it one
or more "quarter turns", in one direction or the other. When we talk about reversing a pattern, it is,
of course, vertically or horizontally.
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These simple geometric transformations, or positions of a diagram, are eight in number. They can
all be deduced from the composition of a symmetry and a rotation. They can also all be deduced
from the composition of the symmetry with respect to the first diagonal (a transformation which
makes pass from a relation A to its reciprocal), and a symmetry.

)

3
>

sym/hori

-1 o Al
sym/ 1¢re dia rot +90° sym/2¢me dia rot -90°
Y g Y g

+ for a rotation means : counterclockwise.

Although it 15 legitimate to describe the interaction of all these geometric transformations and the
composition of the relations (and therefore the drawdown), by not privileging any of them, we will
limit ourselves to views so far. Indeed the results relating to all the transformations are too numerous
to be all retained, moreover it would be necessary to introduce a new notation more homogeneous of
these transformations.

A particular transformation will therefore be deduced simply from the three preceding ones. Note for
example :

The diagram A-1o -I = (-I o0 A)!1s equal to the diagram of A rotated by + 90°.

The diagram -I o Al = (A o -I)! is equal to the diagram of A rotated by - 90°.
The diagram -I o A o -I = (- o A-!o -I)-! is equal to the diagram of A rotated by 180°.

https://oliviermasson.art ® Page 29 /7 105


https://oliviermasson.art

c) Consequences of a symmetry on the threading or on the peg-plan

(peg-plan-threading-drawdown representation).

Consider a cloth of type
peg-plan - threading
Ti=Cio Ry

If we replace threading R
with its symmetric with
respect to the vertical Ry =
R o -1, the new cloth

Ty = Ci o Ry will be the
symmetric of T’} with
respect to the vertical.

RQ = R1 o -l
Ry is the symmetric of R
with respect to the vertical.

ngclo(Rlo—I)
T2:<010R1>O—I
T2:T10-I

To1s the symmetric of T}
with respect to the vertical.

https://oliviermasson.art ®
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If we replace the peg-plan
C1 by its symmetric with
respect to the horizontal
Cs = -1 0 Gy, the new
cloth T3 = C3 0 Rj will be
the symmetric of T with
respect to the horizontal.

LT ::EI::: T

Ts=CsoRi=(-IoCi)oRi=-10(Ci oR))=-I0T;

Rather than memorizing these results, it would be more profitable to know how to find them quickly
by calculating the cloth. Once assimilated on simple examples, the calculation of the cloth will be of
great service to you for analyzing more complex situation. In addition, you can be satisfied not to

have read these rebarbative pages for nothing !

Agree those who number
shafts top to bottom and
treadles right to left with
others :

R4:—IOR1

Cs =Cro-I

Ty =Cs0Rs
T4:(C10—I>O<—IOR1>
T4s=CioloR;
Ts=CioRy

Ts=TH

https://oliviermasson.art ®
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As an exercise, will you be able to describe these "flipped" diagrams with the help of a judicious

calculation ?

..............................................

................................................

J"H"H EEEEE;E

It

............................................

‘”‘ﬂ“ﬂ‘ﬂ‘ﬁﬂ 5

il

Il

Attention

not all symmetry 1s good for the cloth !
Touching the correspondence between the
shafts and the treadles is often fatal for the
cloth. Also note in passing the importance
of the order of the diagram composition
calculations, this "multiplication" is not
commutative.

here :

Rs=-ToR;

T5 = C1 O R4

Ts =Cio(-IoRy)

and

Ts # T

https://oliviermasson.art ®
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chapter 3
representation of the cloth using matrices.

We will again look at the cloth through a new mathematical lens, that of matrices. This view is very
close to the previous one and we will not dwell on it. However, it will allow us to introduce some
notions that were still missing in our building.

1- DEFINITIONS

We can directly consider a relation diagram as a matrix by specifying the following points:
- The matrices are defined on the set which contains the two elements 0 and 1, equipped with the
two operations "or" and "and" (noted "v" and "A")

A checked square (black) will be marked 1
An empty square (white) will be marked 0

- The lines of a relation will be numbered in the opposite direction to the standard direction for
matrices, from bottom to top.

A
Representation of a vl - - - - - - [l xAy ||
diagram by a
relation F=[1p] .
, | |
1 2 3 ‘ X n
E=[1,n]
A(n,p)
Representation of a p 10000000000000000000\
diagram by a matrix 000D 0 1111 1‘{oaij0 0000010 0
A (n, p),n columns j 101000000 10060000000 0
d’p’ 010D 000O0O0DODT1I0CO0O0O0DO0O0O0CO0 0
andp rows. F=[1,p] 000D00CO0O0O0TDOTI1O0O0T1T1O0G0O0 0
1 00D0060O0O0DOGOO0OO0OT1 0G0 11
The element of 0 0DODOOOCODO 1Ll 000111110
column 1 and row j 2 0001000 O0O0DOO0CO0O0O0D 100 0
will be denoted aj . 000D 10000DO0O0CO0O0D00 000 1

e
N
(V¥
3

E=[1,n]
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All the notions defined for the relations can be transcribed in the language of matrices :

Identical relation Unity matrix (inverted).
Reciprocal of a relation Transpose of a matrix.
Symmetric relation Symmetric matrix

2- PRODUCT OF MATRICES

The most interesting parallel remains the equivalence of the composition of relations and the
product of matrices :

h{o101011000O0O0O0O0O0T10O0
0011100110001 1000
01 000O0O0O0OCO0CI 1100101
14100001 000O0O0O0O0ak0 10 K
1 i m
1 00001O0O0O0O0OCO0COO0OTILI 010 1 00 0O
11010100011 1011T171 11001
01111001111 11T11®00 01100
01111111 100011°010 00110
0101011000O0O0O0O0O0T10QO0 00010
0101011000O0O0O0O0O010QO0 00010 B
1101011000000c¢01O0||bJOoo010
010101100O0O0O0O0O0O0T10QO0 00010
01111111 100011¢010 00110
0011100110001 T1°O000 00100
1 i k n
B OA Cii = i} aik/\bki
k=1
n
Product of matrices gl = v akabd = (a'Abi) v (aZAbyd) ... v (a® A b))

Composition of relations
https://oliviermasson.art ® Page 34/ 105


https://oliviermasson.art

3- LOGICAL OPERATIONS ON RELATION

The first interest of this representation is to show the logical operations carried out on the squares of
the diagram for the calculation of the cloth. These logical operations are described, in the
composition of the relations, by the different quantifiers, but in a global way. Note also that it is a
calculation of this type that 1s actually performed by the computer to display a cloth.

The second 1s to allow us to define, in a natural way, logical operators on the diagrams :

a) "Not A" relation

Given a diagram A = (aj) , we define the diagram Not A = (a'y) , which we denote 7 A :

Vi,j)ENxP aj = 7aj

ls become Os and vice versa.
0 =1
and 11 =0

Full (black) squares become empty (white) and vice versa.
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b) Relation "A or B"

Given two diagrams A = (aj) and B = (bj)) of the same size, we define the diagram

"A or B" = (¢i) , which we note A v B :

VLj)ENxP ¢ = ajorbj = ajvbj

AvB

The diagram "A or B" is obtained by superimposing the diagram of A on that of B, each square

checked, in A or in B, will be checked in "A or B"

c) Relation "A and B"

Given two diagrams A = (aj) and B = (bj) of the same size, we define the diagram

"A and B" = (cy)) , which we note A A B :

Vi,j)ENxP ¢ = ajandbi = aj Abj

AAB

The "A and B" diagram is obtained by superimposing the diagram of A on that of B, each square

checked, both in A and in B, will be checked "A and B".
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C "TREADLING - TIE-UP - THREADING - DRAWDOWN" REPRESENTATION

We are now going to approach the representation of the cloth by a diagram comprising four
elements : the threading, the tie-up, the treadling and the drawdown. Remember that the main
interest of using the tie-up is to make it possible to separate different aspects of a cloth, such as its
purely graphic qualities from its weave structure characteristics. This type of cloth therefore allows a
complete study of weave structures. However, we will still have to add the color diagrams to have an
overall view of the cloth.

chapter 1
definition

1- CLOTH DIAGRAM FORMULA

In the first representation of the cloth, of the "peg-plan-threading-drawdown" type, each treadle
actuating a shaft and only one : there is a direct correspondence between the treadles and the shafts.
In the "threading-tie-up-treadling-drawdown" representation there are two new diagrams : the tie-up
and the treadling. The treadling features treadles, which are attached to countermarche, as shown in
the tie-up, with each of the countermarche commanding a shaft. Adding a tie-up 1s a bit like placing
an intermediary between treadling, which plays the role of a pre-peg-plan, and threading :

Threading--R P

Drawdown

Treadling M

T=MoA'OR

Each treadle, each column of the treadling, 1s "attached" to one or more contremarches, to one or
more rows of the tie-up. The tie-up diagram indicates the correspondence of each treadle of the
treadling with one or more contremarches which each actuate a shaft.
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To find out which shafts are lifted at a certain pick, just look in the treadling which treadles are
actuated, then read in the tie-up which shafts are controlled by each of these treadles. This approach
strangely resembles a calculation of cloth, the tie-up playing the role of threading !

For the pick z, the treadle is pressed there, to actuate (among other things) the contermarche w, which
raises the shaft w, which raises (among other things) the end x to the pick z.

yMz and yAw and xRw
xRw and yAw and yMz

xRw and wAly and yMz because yAw <=> wAly
X o |__w__ |_ v | =z Note the intermediate variables
x MoA-1oR z Note that it 1s the reciprocal of the tie-up A-! which

intervenes in the cloth formula and not the tie-up A.

We therefore obtain the formula of the cloth in the representation "threading-tie-up-treadling-
drawdown" (the formula of the cloth with tie-up) :

T=MoA'!loR

This cloth formula with tie-up T =M o Al 0 R, can be seen as two simple successive calculations:
First calculation, the calculation of the peg-plan C = (M o A-l)
Second calculation, the calculation of the cloth T = C o R

T=MoAloR The calculation of the simple cloth, in peg-plan-threading
representation, with as peg-plan C = (M o A-1)
T=MoAloR The calculation of the cloth with tie-up
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First calculation:

To get the peg-plan, i.e. the
diagram where are noted at each
pick (on each line), the lifted
shafts, it is enough to calculate
the cloth including, the treadling
as peg-plan, and, the reciprocal
of the tie-up as threading.

C=MoAl
The peg-plan C the composite of

the reciprocal of the tie-up Al
followed by the treadling M.

Second calculation:

The calculation of the cloth
T=CoR

with the peg-plan C result of the
previous calculation G = (M o
Al

T=CoR

T=MoAlHoR

T=MoA'loR

https://oliviermasson.art ®
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The cloth in the
"threading-tie-up-
treadling-drawdown"
representation

T=MoA'loR

With in addition, on the
left of the treadling, the
peg-plan C, result of the

intermediate calculation

C=(MoA")

s
=
"
S

T=MoA'loR
This simple formula will be the basis of our study of weave structures.

The simplified diagram of a cloth 1s easy to remember and will allow you to quickly find the
properties of the diagram of the cloth ; it 1s also a simple analysis tool that will allow you to find your
bearings in more complex situations.

Note again that despite the position of the tie-up A in the complete diagram of the cloth, it is its
reciprocal A-! which intervenes in the calculation.

Note once again that although the notation of the calculus 1s multiplicative, the composition of the
diagrams 1s not commutative, the order in which the diagrams are written 1s fundamental.
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2- COMPATIBILITY OF REPRESENTATIONS
The simple cloth representation using the peg-plan and threading can be considered a complete
representation 1f one considers that one is unknowingly using a straight tie-up I :

e

Il...? ...l.--

e,

T=MolloR

Let's calculate the complete cloth

T=MolI!loR
T=MoloR because we know that =1
T=MoR because we can simplify by I

The diagonal that we draw to ensure the correspondence between the treadles and the shafts can
therefore be considered as a diagram in its own right of the cloth, it 1s its tie-up, it is straight.
From now on we will no longer speak of cloth with two or three elements, we will consider that a
drawdown always contains a threading, a tie-up and a treadling. We will specify if necessary if the
tie-up 1s straight.
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chapter 2

Change from "treadling-tie-up-threading” representation to "peg-plan-threading" representation

Multiple cloth diagram

When the tie-up is not straight, the peg-plan does not appear in the full cloth diagram. However, if a

dobby is used, a representation of the peg-plan is necessary.

Previously we saw that to obtain the peg-plan C it sufficed to calculate M o A-1 ; the cloth can then

be presented in the form T = C o R:

=S R
= MoA'o R

MaA

T=CoR

C=(MoAl

The diagram of the peg-plan is common to these two diagrams. In the first, on the right, it appears
as a result, in the second, on the left, it participates in the calculation of the drawdown T. We are

going to assemble these two diagrams into a single one :
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T=CoR |[C
= MoA'0 Rl MaA

<

The peg-plan C = M o A-lis drawn only once, it participates in two different calculations.

If we were able to show two calculations on the same diagram, why not three !
To have a vision of the cloth in all its aspects, it would also be necessary to be able to read on the
same diagram the starting diagram of the cloth: T=Mo Ao R

The free square, at the top right, of the general diagram seems to have been reserved for tie-up A ! A

third calculation can then be read, that of the cloth with tie-up : T = M o A-! o R, considering only
the squares forming the corners of the general diagram.
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T=CoR |[C
= MoA'0 Rl MaA

<

We will call such a diagram, where several cloth diagrams can be read, a cloth multiple diagram. On
a cloth multiple diagram, an arrow will indicate the direction of a particular cloth calculation ; the
arrow will start from the square playing the role of the treadling, will turn in the "tie-up square" in
question, towards the "threading square" to end on the result of the calculation in the "drawdown
square". According to one calculation or another, the same square can play a different role in turn ;
in our example the peg-plan is either a cloth square or a treadling square.

The arrows will indicate a correct calculation. Indeed with a multiple diagram of 9 squares, like the
one we are studying, we could read as many calculations as there are groups of four squares forming
the four corners of a rectangle. All these calculations have no a priori reason to be correct ; therefore,
caution should be exercised when reading a multiple cloth diagram.
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Let's take a closer look at this first example :

R }q

AR A

=G0 R G
= MoA'S R [MaA'

=

Under the threading remains an empty square, let's fill it in by calculating the cloth including the
four squares at the top and to the left : A”' o I o R, 1.e. A-l o R. A third way to obtain our cloth T
appears , doing the calculation with the two lower squares of the right column and the two lower
squares of the left column: M o I'! 0 (A-1o R) = M o A-lo R . This calculation is correct, we find as a
result our cloth T.

With the top right squares we have another correct calculation: I o Al o I = A-l. As with the top two
squares in the right column and the top two squares in the left column: I o Ao R = A-lo R . With
the two squares on the right of the top line and the two squares on the right of the bottom line we
find another way of calculating the peg-plan: M o A-loI =M o A-l.

In fact only one calculation is wrong, the one made with the four squares at the bottom and on the
left : M o Al) o (A1)l o (Ao R)

By expanding we obtain : M o A~ 0 A o A-! o R which 1s in general different from T=Mo A'oR .
Note that according to the rules established previously, it would suffice for A to be injective or a
mapping for the result to be true ; we would then have either Ao A=TorAoAl=1

Don't worry, we don't necessarily have to check all the possible calculations in a multiple diagram, we
will most often focus on two or three main clothes.
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Let's restate the initial problem : we are looking for a way to go from a representation of a cloth with
tie-up to a representation of the type peg-plan - straight tie-up. We have seen that it was possible to
achieve this by having the computer perform two successive cloth calculations. Then we grouped
these calculations on a single diagram... why not have the computer make a single calculation !
This 1s what we are going to do, thus highlighting the very practical interest of cloth multiple
diagrams.

Let's artificially compose a composite threading formed by the juxtaposition of threading R and a
straight repeat I ; in the same way let us form a composite treadling formed of the treadling M on
which we will place a straight repeat I; take A as a tie-up and calculate this composite cloth. We
directly obtain the multiple diagram.

The computer does not make a difference between each of the parts of treadling and threading, it
calculates globally but always with the cloth algorithm, the calculations actually performed are
therefore always correct.

R 1 —A

. S

To locate the calculation actually carried out by the computer, we will draw with thicker lines the two
axes of separation of the threading of the tie-up and the treadling. The correct calculations are
therefore those which use the tie-up in the upper right corner, part of the composite treadling and
part of the composite threading ; or those that involve part of the right column and part of the top
line. Other calculations made from the "result" squares (of the real calculation) are also true, here the
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diagram in the form peg-plan - straight tie-up, although they are not carried out by the computer,
otherwise the multiple diagram would not be of interest.

The cloth multiple diagram 1is therefore also a new calculation tool that will allow us to automatically
switch from one cloth to another cloth ; here the diagram of the peg-plan - straight tie-up cloth was
calculated automatically from the diagram with tie-up. This tool is very powerful and we will use it
extensively in the following, especially for telescoping;

In fact, for our specific problem, the multiple diagram used is too complex. Indeed we do not need to
know the incidence of the tie-up on the threading. By deleting the line of squares in the middle we
will obtain the multiple type diagram : transition from the representation with tie-up to the peg-plan
- straight tie-up representation.

By adding a straight repeat in the threading, we obtain, in a single calculation, the cloth in the form
peg-plan - straight tie-up (Pointcarré allows to display the peg-plan or not).

The "cloth multiple diagram" tool of which we have just studied a complete example will be of great
help to us for our subsequent research. The interest of this chapter thus largely exceeds the particular
problem of the passage from one representation of the cloth to another.

We will systematically use cloth multiple diagrams in the second part of this book.
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D FIRST PRACTICAL CONSEQUENCES OF THE CLOTH FORMULA

The mathematical model that we have just built will initially allow us to take a step back from
weaving. Seen from a new perspective, certain properties of the cloth, confusedly felt, will seem
clearer, certain notions will be clarified. Secondly, the rigorous mastery of the cloth will allow us to go
further in the theory of weaving. New manipulations of the different diagrams will be possible,
general methods for putting complex curves into context can be developed.

Let's start by looking at some simple cloth situations, using this new cloth formula projector :
T=MoAloR

chapter 1
another presentation of the cloth diagram

Some authors note a cloth by presenting the peg-plan as an extension of the threading. Let's see how
to interpret this representation in our usual diagram.

R ok

T=Io(CUoR=IoCoR=CoR

We have seen that, apart from the threading, the information concerning the cloth 1s divided between
the tie-up and the treadling. In the case of a representation of the threading-straight tie-up-peg-plan
type, this information is concentrated in the peg-plan, the tie-up being reduced to I. In contrast, the
representation we are dealing with concentrates all this information in the tie-up, the treadling being
reduced to I. The tie-up is then equal to C-1, ie. to the reciprocal of the peg-plan.

The interest of this representation is obvious : to be able to note a cloth on a sheet which 1s wider
than it 1s high !
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chapter 2
geometric transformations of a diagram

The cloth formula T'= M o A-! o R allows us to quickly generalize the results already obtained ( First
part B 12 ) to cloth with tie-up. A rectangular tie-up can be subjected to a symmetry with respect to
the horizontal, or a symmetry with respect to the vertical, or a rotation of 180°. On the condition of
applying a judicious symmetry on the threading or the treadling or both, we can ensure the
mvariance of the cloth :

Consider a cloth of the "treadling-tie-up-threading" type.

T3000

Fragnooioiorononiotoianon oo oo an oo oo o o N on 0o o o o n o e
i e s T e e e e e e e D=

e e e L L L L R L e

IOOO OO OO OO OO O~ : .

=MoAloR
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If we perform a symmetry/vertical simultaneously on the tie-up and on the treadling, the drawdown

remains unchanged.

T D T C C C D s e
L= -
L

e e =D EHEH O DD DO O DD D DO D DO D O =D
R e e e e e o

OO OO OO O OO OO O O O OO O O O OO O O D OO O OO~ -
e e e e e e e e e I

PR LT I

M o -I 1s the symmetric of M with respect to the vertical.
Ao -I is the symmetric of A with respect to the vertical.
T'=Mo-I)o(Ao-I)ToR
T'=Mo-I)o(-I)l''!oAloR

T'=Mo-I o-IoAloR

T'=MoloAloR

T'=MoAloR

T =T
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If we perform a symmetry/horizontal simultaneously on the tie-up and on the threading, the
drawdown remains unchanged.

l.I l-l ... .-. -

OO
L=l -
L]

e =D DO DD DO O DD D D O D DD D D= =D
e e e e e o

OO OO O OO OO O O OO OO O O O OO O O D OO O OO0 -
e e e e e e e e e I

-I o R is the symmetric of R with respect to the horizontal.
-I o A is the symmetric de A with respect to the horizontal.
T'=Mo(-I oA)jlo(-I oR)

T'=MoAlo(-Iflo(-I oR)

T'=MoA'lo-lo-I oR

T'=MoAlol oR

T'=MoAloR

T =T
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If we simultaneously perform a symmetry/horizontal on the threading, a symmetry/vertical on the
treadling and a 180° rotation on the tie-up, the drawdown remains unchanged.

S

nm

OO

OO

M o -I 1s the symmetric of M with respect to the vertical.
-I o R is the symmetric of R with respect to the horizontal.
-I o A o -Iis the rotation of A by 180°.

T'=Mo-I)o(-I oAo-I)lo(-I oR)

T'=Mo-I)o(-I)! oAlo(-If'o(-I oR)

T'=Mo-Io-I oAlo-Io-I oR

T'=Mol oAlol oR

T'"=MoAloR

T =T

Many other cloth transformations are possible. In particular, the results already obtained, those
which did not involve the tie-up, are still valid. With a square tie-up new possibilities of
transformation appear. The cloth formula and the calculation on the composition of relations should
now allow you to simply analyze any situation.
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chapter 3
warp and weft reversal of a cloth

When a treadling has the property of reverse threading, i.e. when it is injective (one cross and only
one per line), it may be interesting to completely reverse the cloth T = M o A-! o R, replacing the
threading by the reciprocal of the treadling, the treadling by the reciprocal threading and tie-up by
its reciprocal.

R A

The new cloth obtained T" is the reciprocal of the cloth T that is T-!':
T'=R1o(Al)floM!=MoAloR) =T

Take part in this disturbing experience : take a sheet of paper, on which a cloth 1s drawn, by the top

right corner and by the bottom left corner. Rotate the sheet and observe the new cloth by
transparency...
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T'=R-l o (A1l o M1 = (Mo A-

Lo Ryl =T

The structure of the new threading is of the "binding body plus decor body" type ; it is a "summer
and winter" threading. This stunning experience may have allowed you to realize that with a
"summer and winter" type threading, you can also weave a warp effect overshot.

Noticed :

T-1 1s not exactly the T cloth whose warp and weft have been exchanged.
There is indeed an exchange of rows and columns. Yet a white line of T, that is to say a weft float of

T, 1s transformed into a white line of T-! | which 1s not a warp float of T-! but a reverse warp float. In

the same way a warp float of T'is transformed into a reverse weft float of T-1.
The cloth T whose warp and weft have been exchanged is the reverse side of the cloth T-!.
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chapter 4
Zoom on the tie-up

Imagine a cloth where all the information is concentrated in the tie-up, the threading and the
treadling being straignt.

0 A
-I. =.lllll-l-lllllllllll-llllq

T=ToAlol T =Al

The cloth T is then exactly equal to the reciprocal of the tie-up AL

e ——— |

i | s : T :'
.
.
gig;..isisssgsi%“:g s.g.: iﬁ 5
lggaﬂa; . a;agaiga
L g :

If we stretch the diagonal I in a rectangular threading and treadling, the cloth will be stretched by
the same amount and present an inverted magnification of the tie-up.

Once the enlargement of the shape obtained, we will move on to the setting in weave structure. This
type of enlargement retains the definition of the tie-up design and the enlarged cloth will always
have a staircase outline.
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chapter 5

generated drawdown

What 1s the approach of the textile designer ? He starts from a graphic idea, a curve or a surface,
then tries to build a threading and a peg-plan likely to produce the desired design on the drawdown.
What does the computer do ? Completely the opposite ! It calculates the drawdown according to the
information contained in the peg-plan and in the threading.
Why not turn the situation in our favor ?
The calculation of the cloth in the representation of the "peg-plan-threading" type is expressed by
the formula T = C o R. Let's transform it so that the drawdown no longer appears as a result but as a
component of the calculation.
By multiplying left and right by R-! we have :

T=CoR => ToR!=CoRoR!
R 15 a threading, therefore a mapping, and in this case R o R-! =1 . So we have :

T=CoR => ToR!1=Col

T=CoR => ToR!=C
The formula C =T o R-! indicates that the peg-plan C is the drawdown that is obtained with as peg-
plan, the drawdown T and as threading, R-1.

T=CoR => ToR1=C
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The drawdown C =T o R-! can also be written C =T o R-! o I, making T appear as treadling, R as
tie-up and I as threading :

This implication means that for any cloth of the "peg-plan - threading" type, the peg-plan is the
result of the calculation of the cloth having : the initial threading as tie-up and the initial drawdown
as treadling.

The game seems won ; the drawdown is an element of the calculation, it commands the peg-plan.
By drawing another graphic in this "drawdown treadling", why wouldn't we obtain the
corresponding peg-plan, by calculating this drawdown which reverses the roles ? This would amount
to using implication, which allowed us to go from one diagram to another, in the other direction.

We had the implication:
T=CoR=>ToR!'=C

Let's look at its converse :

Suppose we start from the drawdown calculation C' = T" o R-! o I where T" is the "treadling" in
which we have drawn a new graphic (a circle), where R is the tie-up and where C'is the "drawdown"

result of the calculation.
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C'=T'oR1ol

Let us consider the new drawdown T" = C' o R obtained by calculating the classical diagram with R

as threading and C', the peg-plan deduced from 1" as peg-plan. Is the drawdown T" = C' o R equal
to 1" ?

Multiply on each side of the equality T'o R-1=C' parR:

T oR1I=(C => T'oR1ToR=C'oR=T"
We know that R-! o R 1s equal to I in the case where R 1s injective. R being a threading; it is a
mapping. R is not in general injective.

The reciprocal implication is therefore in general false, the drawdown C'o R ;1e. T" o R-1 o R is not
in general equal to T" .
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T"=T"o R-1 o R is not in general equal to T" .

However, even if R is not injective, we have shown that R-! o R always contains the diagonal I. We

can therefore write :

I C (R1oR) => T'ol C To(R!'oR)
I C R1oR) => T C (T"oR1NHoR)
I C R1oR) => T C C'oR

I C (R1ToR) => T c 1"

The new drawdown 1"

in 1" (the circle) will therefore be fully present in the drawdown T"

C' o R will therefore always contain T". The graphics that we had drawn

C'o R, but other points, due to

the repetitions of threading on the same shaft in the threading ( to the fact that R is not injective),
will be added to it. We will say that the drawdown 1" = C' o R was generated by 1", and we will call
the peg-plan C' calculated according to T", the peg-plan generated by 1" . If this abstract analysis
seems complicated to you, rest assured that the calculation of a generated drawdown is very simple
in practice ; "Pointcarré" takes care of all the calculations !
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T' C TH

The generated drawdown T" contains the circle in red T"
plus risers generated by 1" on R threading

Pointcarré allows you to draw directly in the drawdown in the representation

T=CoR.
You can even drag and drop the circle onto the drawdown.

The generated peg-plan is then calculated automatically, then the drawdown T is recalculated from
this new peg-plan. The updated drawdown will contain the circle plus the extra risers that will be

lifted by the generated peg-plan.

This example clearly shows how threading repeats and symmetries affect generated drawdown.

https://oliviermasson.art ®

Page 61 / 105


https://oliviermasson.art

The graphics drawn in the drawdown not being a priori compatible with the standard weave
structures of the threading, we will proceed to the setting in weave structures after the calculation of
the generated peg-plan.

-

The generated drawdown set in weave structures

The great interest of this technique is to automatically develop a wide variety of graphics on the
same threading. The previous example shows how to take into account the symmetries present in the
threading to obtain a generated drawdown close to the initial graphic. A bad positioning of the
graphic can generate parasites which mask the initial drawing. On the other hand, by using curves of
great versatility (for example a pseudo-straight threading, see Method of the initials), one can
produce, practically without constraints, the most diverse graphics.
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chapter 6

drawdown symmetrical with respect to the first diagonal

1- "WEAVED AS DRAWN IN".
"TREADLING-TIE-UP-THREADING-DRAWDOWN" REPRESENTATION

We have already looked at the special case of a drawdown where the reversed threading is taken as
weave structure (first part, B, chapter 2, 9-, b) ). Recall that a "weaved as drawn in" diagram in the
"peg-plan-threading" type representation contains the diagonal I and is symmetrical with respect to
it.
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Let us continue this study with diagrams of the type "treadling-tie-up-threading-drawdown".

If tie-up A contains I, 1.e. if it's a straight tie-up plus "something", it's clear that the drawdown
R-1 0 A-lo R will contain the threading axial.

LR, A
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The tie-up A contains I,
so the drawdown T = R-! 0 A-! 0 R contains the threading axial (1in red )

el

Let us see under which condition on A the symmetry with respect to the first diagonal is preserved:

To say that the drawdown T = R-! 0 A-! o R is symmetrical is to say that it is equal to its reciprocal
T-1

T=T1 <=> R1ToAloR=(R1oA'loR)!

T=T1 <=> R1oAloR=R1o (Al)lo(R-1)!

T=T1 <=>

R1oAloR=R1To0AoR
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R is a mapping because it is a threading, so we can simplify by R on the right :
T=T1 <=> R1oAl=R1oA

R 1s a mapping so R-! is injective, so we can simplify by R-! on the left :
T=T1 <=> Al=A

A = Al means that A 13 symmetric. we can therefore state :

A "weaved as drawn in" diagram 1s symmetric with respect to the first diagonal if and only if its tie-
up 1s symmetric with respect to the first diagonal.

T =R-1To Al o R is symmetric <=> A is symmetric
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If the tie-up 1s structured around diagonal I. the drawdown will organize around the threading axial.

.-'"'. -"'-.. __.-'".l"'-'"""."'-"'-'"-"_-__.__..-_ f.......'
» LER e -~
o .,.-".-".-".-'"' . i -.__.-' -, A

- .-.-.
LR i

R I -
.y

L

Let's examine the particular case of a return tie-up :
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As expected, the drawdown is symmetrical with respect to the first diagonal because -I 1s
symmetrical. This diagram is equivalent to the following "peg-plan-straight tie-up-threading" type
diagram :
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On the same threading we therefore now have two examples of diagrams of the "peg-plan-tie-up-
threading" type producing a symmetrical curve with respect to the first diagonal to the drawdown :
the threading axial R-! o R and the previous case (R-! o -I) o R . Threading axial is therefore only a
special case and does not by itself highlight all the potentialities of threading. We are now going to
undertake the systematic study of all the treadlings likely to produce, with a given threading, a
symmetrical curve with respect to the first diagonal to the drawdown.
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2- CONDITION FOR A CLOTH TO BE SYMMETRIC WITH REGARD TO THE FIRST
DIAGONAL

We are looking for all symmetrical clothes having a given threading R
T being of the form T =X o R

From the above

for any symmetric relation S, of the height of R we have T'= R-! 0 S-! o R is symmetric
T =(R-10oSboR is symmetric
so X = R-1 0 S-! 15 a solution.

We seek to show that all the solutions are of this form ( R-! o S with S symmetric ), which will allow
us to say that there are as many symmetric clothes having R for threading, as symmetries of the
threading R height.

Assume a symmetric cloth T with peg-plan X and threading R
T 1s of the form T =X o R

T 1s symmetric <=>T =T"!
T=T1!1 <=> XoR=XoR)!
T=T1!1 <=> XoR=R!loX!

T=T! => XoRoR!T=R1ToX1ToR"!

=11 => Xol=R!ToX!loR! R o R-1 =1because R 1s a mapping
T=T! => X=R'1o(X1ToR)

T=T1 => X =R'1o(RoX)!

If weputS=RoX
X 1s of the form X = R-1 o S-!

Let us show that S is symmetric.
T 1s symmetric => X =R1o (R oX)! from above
T is symmetric => X=R1loS!
T is symmetric  => RoX=RoR'!lo§S!
T 1s symmetric  => RoX=T0S8! RoR!=Ibecause R is a mapping
T is symmetric  => S =51
T is symmetric  => S 1s symmetric

We can therefore say that :

all symmetric clothes with a given threading R, of the form T = X o R can be put in the form
T =R-1 0 S'oR with S a symmetric relation such that S = R o X.

To find all the symmetrical clothes T with threading R, it is enough to look for all the symmetrical
relations S of the height of R; the cloth can be expressed as a "weaved as draw in" cloth in the form
T=R1oS!toR
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3- PRACTICAL CONSEQUENCES
This result is particularly interesting for the study of block clothes.

Let's take this 4-block cloth as an example.

E"_-_—'r.-'—=—"]E

A symmetric relation of width n 1s completely determined the triangle of points equal to or greater
than the first diagonal. It is enough to make a symmetry with respect to the first diagonal to obtain
the lower triangle.

The number of points of this triangle is the sum of the first n numbers, i.e. n(n+1)/2.

The number of possibilities that these points are either black or white 15 2nn+1)72

There are therefore 2nn+1)/2 symmetric relations of width n.

For our example the number of symmetric relations 1s 244+1)/2 =210 = 1024
It's a lot !

We will limit ourselves to tie-ups which raise only one block and only one per treadle.
The tie-up is therefore a mapping, it is square, it is therefore a bijection. This bijection is symmetric,

so 1t 1s an involution.

It is therefore sufficient to use all the involutions of 4 width to have all the clothes symmetrical with
respect to the first diagonal, where one block and only one is activated at each pick.

There are 10 involutions of 4 width :

o] e o ] e o L L
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P 5] P

E'_-_—-"'—_—"] Fe,]

By replacing the tie-up by each of the
possible involutions we obtain all the
symmetrical graphics with respect to the
first diagonal, where one and only one

block 1s activated at each pick, possible

with this threading.

These diagrams represent a graphic design
by blocks, a later setting in weave
structures will be necessary.

Page 71 / 105


https://oliviermasson.art

PART TWO

TRANSFORMATION BASES

With a rigorous mathematical model of the cloth, we are going to develop in this second part new
tools that will allow us to progressively move from a free drawing to an interpretation in shaft
weaving,

A THEORETICAL STUDY

Although we are getting closer to the weaving technique itself, we will start with a more theoretical
setting up of the tools. They will then be implemented on specific examples. In the following
paragraphs we will transform the threading, either by changing the order of the shatfts, or by
threading the ends of several shafts on the same shaft or by distributing the ends of one shaft on
several others. The common point of all these manipulations is that we will always act globally at the
shaft level. The relative arrangement of the ends on the same shaft remains unchanged.

chapter 1
Transformations preserving the dimension of the diagram. Amalgamations.

Most often for technical reasons, in particular to avoid friction and to facilitate the separation of the
ends in tight warps, one has to change the order of the shafts of a loom. One may also want to
evenly distribute the binding shafts among the pattern shafts. This "mixing" of shafts masks the
geometrical characteristics of the threading, so rather than working directly on amalgamated
threadings, with good technical characteristics, we propose to first study the threadings graphically,
and then to arrange the shafts as well as possible only once the cloth is ready. This extra work is now
negligible thanks to computer tools. In short, it is a matter of shuffling the shafts of a threading as
one would shuffle a card game.

1- REARRANGEMENT BASES

How to represent the action of rearranging the shafts of a threading using a calculation. At the
beginning a threading R, at the end a threading R' which takes again the shafts of R, butin a
different order.
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MoAloR

T =

obtained

Let's take a particular case of rearrangement of the threading of this cloth : let's rearrange the

threading R by arranging its shafts in the reverse order. From last to first. The threading R'
1s the symmetric of R with respect to the horizontal. We saw in the first part that the symmetric/

horizontal of R 1s written -I o R . Here 1s our calculation !

R'=-IoR

-1 1s a relation which makes it possible to transform R by making the first shaft correspond to the last

and so on. The diagram of -I is that of the second diagonal, here an eight square diagonal.

In column 1 the square 8 is checked, in column 2 the square 8 - 1 = 7 1s checked. in column 3 the

.-lisa

between the shafts of R and R’

correspondence table"

n

square 6 1s checked, etc. - 1s the

bijection, to each shaft corresponds a shaft and only one.
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To rearrange the shafts of R in another order; it suffices to use another bijection B associating the
shafts in a different order.

T

LI ..I I.. I...I I.. I.. I...I ..I ..I I...I ..I I-. -.I

e R T RR T N e
Ry=BoR

We will call such a bijection B a rearrangement base ; in mathematics we will speak of permutation.

It we replace in the cloth the old threading R by the new threading R' or Ry, , the cloth will of course
be affected. Indeed the treadles, no longer controlling the same shafts, will no longer raise the same
ends. To keep the initial cloth, just transform the tie-up by changing the order of its lines in the same
way as In threading ; thus the treadles will control the same shafts again.

This 1s simply demonstrated :

if we put Ry, =BoR the threading rearranged by B
Ap,=BoA the tie-up rearranged by B

Compare the initial cloth T = M o A-1 o R with the cloth T, =M o Ay o Ry,

Th=MoAyloRy
Th=MoBoA)lo(BoR)
Th=Mo(A'loB!)oBoR)
Th=MoAlo(BloBoR

Th=MoAloloR B is a bijectionso BloB =1
Tpb=MoAloR
Ty,=T The two clothes are therefore 1dentical.
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One can rearrange the shafts of a threading in any order, without changing the drawdown of a
Treadling-Tie-up-Threading representation cloth, as long as the lines of the tie-up are rearranged
simultaneously in the same order.

2- AMALGAMING

What is the purpose of amalgamation ? It is to move away the heddles containing neighboring ends.
One of the solutions is to rearrange the threading by taking the shafts in the same order, but by
shifting them two by two on the even shafts and then on the odd shafts.

To obtain automatically the amalgamated threading R, , let us compute the drawdown B. o R, by
choosing for bijection B this shift base.

e

R.=B.oR
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B.o A

Aa =

To obtain the corresponding amalgamated tie-up Aa (whose lines have been rearranged in the same
We find the original drawdown, but here the neighboring heddles are separated by at least one shaft.

way), 1t 13 sufficient to calculate B. o A .
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T

Mo (BaoA)lo(BaoR)

To.=MoAs!oRa

try to distribute the bindings, in a regular way, so that they are as far as possible from each other. The
largest possible shift for an 8 satin is 3, so the best base for amalgamation is an 8 satin with a 5 shift.

It is a question of cyclically associating the 8 numbers, in a regular way, so that their difference is the
greatest possible. It is a satin that we need ! Indeed, what is a satin, if not a weave structure where we

Our knowledge of weaving will help us to find the optimum base for amalgamation.
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B;o R

Ry =

hand the 8 shafts of a threading from five to five requires attention. The cloth

by

Shifting cyclically

then on the tie-

1, on the threading,

calculation function allows us to operate quickly and without erro

T

=Mo (BsoA)lo(BsoR)

Ts=Mo As! o R

We now have a technically valid threading, but the graphics have been completely faded.
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To obtain the new threading Ry and the new tie-up Ay amalgamated by the base B, we calculated
two cloth diagrams : Ry = By o R and A; = Bs o A . In fact a single calculation would have been
enough, using a multiple cloth diagram. By constructing a composite threading with R and A side by
side, we could calculate a single drawdown, with By as treadling ; we would obtain in the drawdown
part, side by side the two results Ry and A .

e T R B R T T B
Ri=B;o R As=Bso A

In fact we will see that there is an even more clever way to do this.

In all these transformations we have not touched the treadling of the cloth. For a handwoven look
this 1s important. The aim is to keep the number of treadles to a minimum and to make the treadling
pattern easy to follow and remember. In the previous example the graphic aspect of the threading
has completely disappeared, but the treadling has remained intact.

From an industrial perspective it is more natural to act on the peg-plan. That 1s why we will discuss
another technique of amalgamating a cloth.

3- MULTIPLE AMALGAMATION DIAGRAM

Let's transform our cloth in the "peg-plan-threading" representation (see part 1, G, chapter 2).

#’!
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How to act on the peg-plan C so that the amalgamated threading cloth remains unchanged ?
Let's take the example of an amalgamation on the even and odd shafts.

In the representation with tie-up we saw that it was sufficient to rearrange the lines of threading R

and tie-up A with the same bijection B.,
The amalgamated threading is written R, = B. o R
The amalgamated tie-up is written A, = B. o A

The amalgamated drawdown T\ is equal to the starting drawdown T

Ta=MoAsloRi=MoBaioAloBioR)=MoAloBsloBaoR=MoAloR=T

In the representation without tie-up, the cloth is written
T = C o R with the peg-plan C = M o A-!

From the above we have T=M o A-1oB.s1oBao R
let T=CoBaloRa

If we note C, the peg-plan C transformed by the reciprocal of the bijection B, , C. = G o Ba'!

We can write T = C,0 Ra

In another way we can write :
CaoRa=CoBisloBioR
C.oRa=ColoR
C.oRa=CoR
CioR.=T

Ba' o Ba =1, because Ba 1s a bijection

The shafts of a threading can be rearranged in any order, without changing the drawdown of a Peg-
Plan-Threading representation clothg, as long as the columns of the peg-plan are simultaneously

rearranged in the reciprocal order.

More simply we can say that in order to keep the drawdown unchanged, we just need to rearrange
the peg-plan columns so that each peg-plan column always corresponds to the same threading shatft.

AR T

R.=B.oR

https://oliviermasson.art ®
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ColoR=CoR=T

Ta=CaoR,=(CoBs)oBsoR)

We will group all these calculations on a multiple cloth diagram. This way we will be able to switch

automatically from the initial cloth diagram to the amalgamated cloth diagram with a single

calculation.
To do this we will first present the calculation of the amalgamated threading R. and the

2L, or the B,

amalgamated peg-plan C, in a different way, by operating the reciprocal of the base B

chapter 1).

5

D

-up (see part one,

base in the tie
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The two equivalent clothes on a single multiple diagram, T
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On the outside top right, the 4 framed diagrams show the actual calculation done by the computer.
These diagrams are made of :

- a composite treadling including the peg-plan C. topped (orange line) by the base B.

- a straight tie-up

- a composite threading including the R, threading extended (orange line) to the right of the

B! reciprocal of the Ba base.

- a cloth, on a grey background, which has the appearance (red lines) of a second set of 4

diagrams forming the amalgamated cloth.

We will see that the real calculations made by the computer and the apparent calculations are
equivalent.

The 4 calculations made by the computer, in green :

NN NN BJ'.

The amalgamated threading
T=Col'loR T=CoR R.=B.ol'oR R.=B.oR

The amalgamated peg-plan The stralght tie-up
Ca=Col!loB.! Ca=Co By! Biol'oBal=BaoBal=1
BaoBal=1 because B. 1s a bijection.

https://oliviermasson.art ® Page 82 / 105


https://oliviermasson.art

The 5 apparent cloth calculations that are all correct.

e

The amalgamated cloth

T.=CiolloRa=(CoBilo(BaoR) T.=Cao(Bal)y'oR
T.=ColoR Ta=CoBialoBal)yloR
To.=CoR=T To=ColoR=CoR=T

=
ToR=B.oR T=CoBsloR.=CoBisloB.oR
T=ColoR=CoR
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Indeed, the multiple cloth diagram can only be read as the display of two equivalent clothes : the
initial cloth and the amalgamated cloth.

MW,

G

N

i |I|E. o ;-ﬂ"'ﬁ-"'lh-.“lﬁh. FI

ZASTRNRII )

The initial cloth The amalgamated cloth

T=ColloR To=Ciol'oRa=CioRa

T=CoR Ta=CoBisl)o(BioR)
T.=ColoR
T.=CoR=T

To go from the initial cloth to an equivalent cloth where we mix the rows of the shafts and the
columns of the peg-plan, we simply choose a bijection and replace the bijection B, and its reciprocal
B.! in the multiple cloth diagram.

For example, let's use the bijection, satin of 8, Bs = which amalgamates the threading even

more smoothly. Note that Bs = Bs'!, Bs so Bs 1s symmetric, it is an involution.

The simple change of base, gives the new amalgamated cloth
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4- EOUIVALENT DIAGRAMS

Let's consider the process we have just completed with a little hindsight. We have transformed a
threading R to obtain the amalgamated threading R'in composing R followed by a bijection B : R' =
B o R. We know how to correct the peg-plan so that the drawdown is preserved, 1.e. that the
threadings R and R' produce the same drawdown. We can even say more : all the drawdowns that
we can obtain with threading R , we will also be able to obtain them with threading R', since for
each drawdown we are always able to find the peg-plan that will preserve it with threading R'.
Intuitively we feel that R and R' are not very different ; in fact they have the same shafts, but in a
different order. We will say that threading R'is equivalent to threading R. More generally we will

say :

A relation A'1s "equivalent, up to the lines order" to a relation A, if and only 1f there exists a
bijection B such that A'=B o A

It A'is "equivalent, up to the lines order" to A, as the composite of A followed by the bijection B,
then A 1s "equivalent, up to the lines order" to A' as the composite of A' followed by the bijection B-1.

Indeed

A'=BoA => BloA'=BloBoA

A'=BoA => BloA'=IoA  BloB=1because B is a bijection

A'=BoA => BloA'=A

A'=BoA => A=BloA A 1s "equivalent, up to the lines order" to A" as the composite

of A' followed by the bijection B-1-

We will then say that the relations A and A' are "equivalent, up to the lines order".

A relation A'1s "equivalent, up to the columns order" to a relation A, if and only if there exists a
bijection B such that A'=A o0 B

In the same way we would show that :

It A'1s "equivalent, up to the columns order" to A, as the composite of the bijection B followed by A,
then A 1s "equivalent, up to the columns order" a A', as the composite of the bijection B-! followed b
Al

We will then say that the relations A and A' are "equivalent, up to the columns order".

We will simply speak of "equivalent threadings" for threadings, "equivalent, up to the lines order".

We will simply speak of "equivalent peg-plans" for peg-plans, "equivalent, up to the columns order"

We will now transform the threadings with a similar technique, 1.e., replacing a threading R with the
threading R' = B o R, but choosing B so as to modify the threadings more deeply.

https://oliviermasson.art ® Page 85/ 105


https://oliviermasson.art

chapter 2

Transformations decreasing the dimension of the diagram. Telescoping.

The difficulty in interpreting a curve in a weaving diagram comes mainly from the fact that a
threading has only a very limited number of shafts. How can you fit a curve drawn on a 48 lines
layout sheet into a threading with 12 shafts ? This is the problem we propose to solve in this chapter.
There are two main families of solutions :
- reduce the vertical definition of the curve, which has the advantage of preserving the graphics

of the surfaces, and the disadvantage of giving a staircase profile to the initial curve.

- cutting the curve into several slices that are superimposed, which has the advantage of
preserving the entire profile of the initial curve, but has the disadvantage of creating parasitic curves
that affect the perception of the initial graphics.

Let's start with the first family of solutions.

s .
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" "
] .
] i
Y
1
1
[
i !
- .
..'-.'-_.- -
o
-

This cloth has a threading of 48 shafts. How do you reduce it to 12 ? Just divide by four !

Let's build from this threading R a new threading R': let's make in the threading R packages of four

shafts and let's put all the ends of these four shafts on one of the threading R'.
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The ends of 4 shafts on a green background, above, are grouped on a single shaft, below

As for the amalgamation, let us represent this transformation by a calculation :

Let's call B the relation that allows us to go from threading R to threading R'. The first package of
four shafts of R, shafts 1, 2, 3 and 4 will be associated with shaft 1 of R'. The next four shafts are
associated with shaft 2 and so on. In the first four columns of B a square will be checked on line 1, in
the next four columns a square will be checked on line 2 and so on. B 1s a stretched diagonal formed
by small horizontal segments of four squares.

Each of the shafts of R is associated to one and only one shaft of R': the relation B is a mapping.
Different shafts of the threading R are associated to the same shaft of R': the relation B is not
Injective.

Contrary to the rearrangement bases this relation is not a bijection; it is rectangular. B is wider than
high and has the property of a threading : it is a mapping. The relation serves here to reduce the
definition, 1.e. to digitize the threading R :

We will call the mapping B a digitizing base.
https://oliviermasson.art ® Page 87/ 105


https://oliviermasson.art

-.._..-' = '-._-... ! . B_}E
.-_. ._.- a s ..EE .

R'i1s deduced from R by the formula R' = B o R. This calculation is presented by considering the
reciprocal B-lof Basatieeup: R'=BoR =10 (B!)!oR

To amalgamate a cloth, after having amalgamated the threading, we had looked for how to
transform the peg-plan in order to find again the initial cloth. Here, the threadings R and R' are not
equivalent because R'is the product of R by a mapping and not by a bijection. R' cannot produce all
the clothes that R can produce. R' cannot even be woven with the peg-plan C because R' and R do
not have the same number of shafts. Our goal here 1s to construct a new cloth, which we will call T" ,
that has four times fewer shafts than the original cloth T= C o R. We have threading R' on four times
fewer shatfts, let's reduce the number of treadles of peg-plan C in the same way, by dividing its width

by four to get the new peg-plan C'.

We pass from peg-
plan C to peg-plan C'
by the formula :
C'=CoBlol
C'=CoB!

Cl
CI

coBlof ¢
CoBJ |°
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With the threading R' and the peg-plan C' we obtain the new digitized cloth T' = C' o R':

—

(X

T'=CoR

Cloth T" has 12 shafts and 12 treadles, its graphic line is the same as that of the initial cloth 1] but its
four times lower definition gives it a staircase profile.

You are now familiar with multiple diagrams, and, at this point, it is natural that you ask yourself this
question : how do you automatically switch from the diagram of the initial cloth 1" to the digitized

cloth T"?

Let's put together the two computational diagrams of the new threading R' and the new peg-plan C!
by combining their square I :

 — R =BoR_—

Prad

R)

;

£ —]
\/;

C'=
O
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How to choose the missing tie-up in the upper left corner so that the calculation of the drawdown on
the outer squares C and R gives the drawdown T" as result ? If we call A this tie-up, the cloth is
written : T'=CoAloR

The cloth T" 1s written :
T'=C'oR
T'=(CoBlHoBokR)
T'=Co(B'oB)oR
T'=Co(B'oB)yloR we have shown that B-! o B is symmetric (and contains I)
If weputA=B1loB we have well T'= C o Ao R

B is a non-bijjective mapping and B-! o B 1s in general different from I. B-! o B is the threading axial
of B (see Part I, B, 9, b) ).
We will say more simply that B 1s the axial of the base B .

We know that the axial B contains I and is symmetric with respect to it.
For this digitizing base, the diagonal I is surrounded by 4 X 4 blocks.

(B o R) C
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Now that we have completed our multiple diagram, let's see if it works properly.

/d_\\ ,;": |B1 B1 0B

T"=Co(BloByloR

I=CoR | | T"=CoBlo B oR
This calculation of the cloth T", 1s a possible T"=CoBloBoR
reading in the multiple diagram, it is not made T"=(CoB')oBoR)
by the computer from C' and de R". T = ' o R'

™ =T

This calculation of T" is done by the
computer, when the multiple diagram is
represented by a single cloth (the green
diagrams).

There are two equivalent ways to see the digitized cloth T" :
- from the starting threading R , the starting peg-plan C and the tie-up (B-! o B),
- or from the digitized peg-plan C' and the digitized threading R'.

It is the interest of the multiple diagram to show that the two calculations are equivalent.
The cloth T' = C' 0 R'1s on 12 shafts, instead of 48 for T = CoR..

Moreover T' CT', T contains the graph of T, plus harmonics due to the grouping of some shafts
into one.

Moreover, the following two calculations of C' and two calculations of R' are well equivalent:
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B'oB

C'=CoBlol
C'=CoB!

This calculation of the peg-plan C',is a
possible reading in the multiple diagram,
it is not done by the computer.

C'=Co(B'loB)loB!
C'=CoBlo(B!)loB!
C'=CoBloBoB!
C'=CoBlol carBisamapping
C'=CoB!

This calculation of C'1s done by the
computer.

SBlE 0B SBlE
_..-’//?\'\__ S 0 ;.»'/’;\\w\ s 0
"R =B o R~ |t ..f”"-ﬁ’=_B_6"R~:~_--’”f§' B
| -
C
.

R'=To(B!'oR
R'=IoBoR
R'=BoR

This calculation of the threading R', 1s a
possible reading in the multiple diagram,
it is not done by the computer.

https://oliviermasson.art ®

R'=BoB!'oB)jloR
R'=BoBlo(B!)loR
R'=BoBloBoR

R'=To0 B o R because B is a mapping
R'=BoR

This calculation of R'1is done by the

computer.
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We can read two other calculations attached to the cloth T :

; /?\ B/IIB o B

B'oB
-~

_—"R' =B oRwr~—-—" |t B

o
-
R

(BoR) C C
f..-I\ '\,‘_% "\.\
T'=C'o((B!)!1oR T'=CoBloR
T'=C'oBoR T'=C'oR
T'=C'oR
This calculation of the cloth 1", 1s a This calculation of the cloth 1", 1s a
possible reading in the multiple diagram, possible reading in the multiple diagram,
it is not done by the computer. it is not done by the computer..

In the upper right corner we find the elements that define the telescoping ; B, B-'and B-1 0 B :

TN j E'o I=Bo (B!oB)loB
|

I=BoBlo(B!)loB!
I=BoB'loBoB!
I=1ol because B 1s a mapping

Bl 1=1

\ This calculation of I 1s made by the
computer; it 1s right in the multiple
diagram.

However, to build the multiple diagram,
C we start by calculating the tie-up B-! o B
in a small annexed cloth.
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Practically to pass automatically from the diagram of a cloth to its diagram digitized by the base B,

we will proceed in the following way :

- calculation of the axial B-! o B of the digitization base B which will be taken as tie-up
- construction of a composite treadling including the peg-plan C surmounted by base B
- construction of a composite threading including the threading R extended to the right by the

reciprocal B-! of the base.

- calculation of the multiple diagram of digitization.

We will thus have, on the same diagram, the threading and the peg-plan of the initial cloth, and the

digitized cloth.

Let's take another example from the second family of solutions mentioned at the beginning of this

chapter.

What 1s the base for slicing a threading ? We know that a straight repeat reproduces a diagram ; to
reproduce four slices of 12 shatfts, it 1s sufficient to use a base formed by four straight repeats by 12

squares :
(] (] (]
|| || ||
|| || ||
| | |
|| || ||
|| || ||
| | |
|| || || ||
|| || || ||
| | | |
|| || || ||
| | [ | [ | [ |
The new base B
Let's calculate the axial of this base B-1 0 B :
. . . .|
-.- l.. l.- l..
.- - - . .
.l. .l. " .l. .l. _1

" AZB B
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It is now enough to replace in the multiple cloth, the 3 elements on green background : B at the top
of the peg-plan, B-! on the right of the threading and the tie-up by B-! o B to obtain the multiple

%
7,
A

The result of the calculation gives us the telescoped threading R', the telescoped peg-plan C' on a
salmon background, and the telescoped drawdown T" on a purple background.

The shafts of R have been stacked one on top of the other in 12 packs of 4, like the tubes of a
telescope ; this is why we will call B a telescoping base.

Remark :

We constructed the multiple diagram as a single cloth, using an artifice to include B at the top of the
peg-plan, B-! to the right of the threading. This artifice allows any user with a software that computes
a cloth with tie-up, to build multiple diagrams.

There is a version of the Pointcarré software, Mac OS Carbon, where B, B-1, R' and C' are
additional autonomous diagrams. It is then sufficient to define B so that all the calculations of the
other diagrams are then automatically taken care of by Pointcarré.

This version was unfortunately never commercialized.

https://oliviermasson.art ® Page 95/ 105


https://oliviermasson.art

The tie-up as a composition of the base B followed by its reciprocal B-!1, always contains the identity
L. It follows that the starting drawdown T = C o B-! o R, shown in red, is included in T" .

NS

LY
“

.\; .‘

",

The telescoped cloth contains the entire curve of the initial cloth, in red, but parasitic curves have
been added to it.

We will call these parasitic curves telescoping harmonics, in the sense that they resonate around the
initial curve. The choice of the telescoping base allows the control of the spatial distribution of these
harmonics, which can then underline or mask the initial curve.

The discussion of this choice is the subject of part B of this second part.

Note that each cloth T" is defined only by a different tie-up. All bases equivalent to B give the same
tie-up B-! o B . To find the harmonics we can work on the starting cloth, with only one tie-up, and a
cloth calculating the tie-up B-! o B.

Once the harmonics are in place, we can calculate the telescoped threading and peg-plan R' and C'.

= o 4w = g
. ot ey e e .
., — —_— P o
| o'n, . n o . ™
L o
\';,\J ..'-\.\_ --’ -.ﬁ‘v -~ [_AJ _...
JomC (i ()X -
= (:..-c = = -

0 |'.: . W A [ B e 1 .l'.:.' S R 12 .... "'f o -'.. -. m
:|: |: :I :l: o I: i m ’ ll'r "fl' l.._ul "l"' 1" i 'l-ll'l'I llfr 'f [ _

1 [ [ [ 1
<> | I "'.-.-"".--'"'
Ea -
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bt A O Loy e W
o LA N et bl
s ", k Y 3 T - e
A(\_’? — =" .J\:.',-. "x' e ™ g \\.\ \.‘- - g '.f.-. ".-‘.
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chapter 3

Transformations increasing the dimension of the diagram
Combinations of diagrams.

Our discussion of clothes that are symmetrical with respect to the first diagonal has highlighted the
importance of threading in the graphical characteristics of a cloth. The possibilities of a threading
vary between two extremes : on the one hand simple threadings derived from a straight threading, on
the other hand complex threadings built from a graphical curve.

- A straight threading is able to generate a very large variety of clothes, but the repeat 1s limited to
the number of shatfts, i.e. to very few things.

- A complex threading is capable of producing a large repeat pattern, but, although it is possible to
vary the pattern for which the threading was constructed, all the clothes woven with this threading
will have a family resemblance in their patterns.

In short, threading is caught in the following dilemma : simplicity and universality versus complexity
and specificity. How, in these conditions, to produce a cloth with two very different graphics of large
repeats ? The starting idea is simple: let's start from two known clothes, each with a complex
threading producing a specific graph, and let's try to build a new threading able to simulate
indifferently one or the other of these two threadings.

Let us consider two clothes, of the "peg-plan-threading" type, T1 = C1 0o Ry and Ty = C2 0 Ro. The
R threading has four shafts and the Ry threading has six ; both have the same width.

Dot e ey e e ey e ey Ty gt gty e ot e
- -

ly

o o "l,.."::':'.':

: =H=
: # i
: =ﬁ=

g
2

P G
i o& . |

-

T =Ci0R; To=Coo0Ro

What is a threading ... a set of shafts that each carry a set of ends. To build a threading R that can

simulate both R1 and Ro , 1s to look for a set of shafts that can produce all possible arrangements of
ends with R and with Ro.
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Construisons l'ensemble de shafts suivant :

A shaft that contains the ends threaded in both shaft 1 of R; and shaft 1 of Ro.
A shaft that contains the threaded ends in both shaft 1 of R; and shaft 2 of Ro.
A shaft that contains the threaded ends in both shaft 1 of R; and shaft 3 of Ro.
A shaft that contains the threaded ends in both shaft 1 of R; and shaft 4 of Ro.
A shaft that contains the threaded ends in both shaft 1 of R; and shaft 5 of Ro.
A shaft that contains the threaded ends in both shaft 1 of R; and shaft 6 of Ro.

Let us consider the set of ends of the warp. Ro and R being threadings of the same width, each end
of the warp is threaded in one and only one shaft of Ri and in one and only one shaft of Ro. In
particular each end threaded in shaft 1 of R 1s threaded in one of the shafts of Ro. As we have gone
through all the shafts of Ro, we can say that each end of shaft 1 of R is threaded in one of the shafts
of the set we have just constructed. If we lift all these shafts at the same time, the ends lifted will be
the same as those that would have been lifted by shaft 1 of R alone ; this set of shalfts is able to
simulate the action of shaft I of R;.

If we build a second set of shafts on the same model, but with shaft 2 of R, this set will be able to
simulate shaft 2 of Ri. If we build as many sets of shafts of this type as there are shafts in R, we will
be able to simulate the action of all the shafts of Ry, 1.e. to simulate the whole R threading. Indeed
the set of all the shafts of all these sets of shafts forms a threading : each end of the warp being
threaded in one and only one shaft of R will be threaded in one and only one of the sets of shafts
that we have constructed ; moreover in each of these sets of shafts, each end is threaded in only one
of the shafts because it is threaded in one and only one shaft of Ro.

What would we have to do to be able to simulate Ry threading ? The same thing, but reversing the
roles of Rj and Ro! Clearly, this new set of shafts would have exactly the same shafts, but arranged in
a different order.

For example, to simulate the action of shaft 1 of Ryt would be sufficient to lift the following shafts
together :

A shaft that contains the threaded ends in both shaft 1 of R; and shaft 1 of Ro.
A shaft that contains the threaded ends in both shaft 2 of R and shaft 1 of Ro.
A shaft that contains the threaded ends in both shaft 3 of R; and shaft 1 of Ro.
A shaft that contains the threaded ends in both shaft 4 of R; and shaft 1 of Ro.

Each of these shafts is the same as the first shaft of each of the sets of shafts we had built to simulate
R..

All these shafts are made up of ends threaded on both one of the shafts of Ri, and on one of the
shafts of Ro. Graphically, to say that these ends belong to both of these shafts is to say that they
belong to the intersection of these shafts.

The threading R , able to simulate both the threading R; and the threading Ry, will have as shafts all
possible intersections between a shaft of R and a shaft of Ro. The number of possible intersections
is equal to the number of shafts of R multiplied by the number of shafts of Ro.
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In our example R will have 24 shafts, formed by the following intersections :

Shafts of R

shaft 1
shaft 1
shaft 1
shaft 1
shaft 1
shaft 1
shaft
shaft
shaft
shaft
shaft
shaft
shaft
shaft
shaft
shaft
shaft
shaft
shaft
shaft
shaft
shaft
shaft
shaft

Threading R",

Rather than making all these intersections of shafts one by one and then grouping them together to
form threading R, we will build two threadings R'; and R's from R and Rg, grouping all the shafts
of R on one side and all the shafts of Ry on the other side following the above layout ; then we will
globally make the intersection of the diagrams of R';, and R's to obtain threading R. To respect the
habit of numbering the shafts from bottom to top, we will actually stack the shafts in reverse order.
As usual, we will use two new bases B1 and B» to go from R to R'1 and from Rs to R'9 using an

NN DN DN NN

QO OO LW LW L W

NN SO SO O

Shafts of Ro

shaft 1
shaft 2
shaft 3
shaft 4
shaft 5
shaft 6
shaft 1
shaft 2
shaft 3
shaft 4
shaft 5
shaft 6
shaft 1
shaft 2
shaft 3
shaft 4
shaft 5
shaft 6
shaft 1
shaft 2
shaft 3
shaft 4
shaft 5
shaft 6

Threading R's

automatic cloth diagram calculation :
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The Bi base could be called a stretching base, and the Ry base a repeating base. The common point
of these bases 1s that they are injective ; they have one cross and only one per line. Indeed each shaft
of R'1 (or R'9) 1s the copy of a single shaft of R (or Ry).

The transformation of R (or Ro) into R'1 (or R'9) is expressed by the formula R't = B1 o Ry,

(or R's = By 0 Ry) ; it increases the number of shafts of R; (or Ro).

To keep the drawdown T and Ty, let's calculate the peg-plans C'1 = G o Bi-land C's = Co 0 Bo'l.

Y- TEE

C'1=Ci0Bi! C'o9 = Co o Byl
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R'ZBGR Bog' ©
T=Co(BoB)oR C'=CoB’
T'=(CoB)o(BoB)o(BoR)
T'=C.o(B'oB)o (B adB)yoR
I =C.ololoR
T'=CoR
T

¢

T.=CoR

The calculations of this multiple diagram must be read by adding to all the letters, an index 1 or 2,
according to whether one considers the cloth 1 or the cloth 2.
Let us examine the four calculations made by the computer :

- The calculation of the cloth T=CoI'loR=CoR

- The product B o B-!

- The calculation of the peg-plan C'=C oI o B! = Co B!

- The calculation of the threading R'=BoI''loR=B oR

- In the result part of the calculation diagram, we find at the bottom left the drawdown.
The calculation made by the computer 1s :

T=ColIloR

T=CoR

We can read a second calculation of this drawdown, is well equivalent :
T'=C'o(BoB!oR

T'=(CoB'o(BoB!o(BokR)

T'=CoB'l'oB)o(BloB)oR

T'"=CololoR BloB =1  because the base B is injective
T'=CoR
=T
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BoR

We can read a second calculation of the threading R' which is well equivalent :

R'=BoBoB!oR

R'

because the base B 1s injective
because the base B is injective

BloB=1
BloB=1

Co (B!oB)oB!

Col!oB!
CoB!
ColoB!
BoBloB oR
Bol oR

Let us now proceed to the intersection of the threadings R't M R'y, to obtain the threading R':

We can read a second calculation of the peg-plan C' which is well equivalent :

C'=CoB'lo(BoBl

C'
- The calculation of the threading R' done by the computer is : R'

- The calculation of the peg-plan C' made by the computer is :

- The calculation made by the computeris: Bo I'' o B! =B o B!
Cl

C'=CoB!
R'=BoR

C'
Cl
R'

llllllllllllllllll”””””” mu\Ll "m "m "m "m WM. llIlllllllllllllll””””””
Ellllllllllllllllll "" "" "" "" _F-llllllllnllllullllll
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R'' N R'91n dark red

R'1 in grey, R's in pink, R't M R'21n dark red
R'
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1o R'
s0R

Cl
C'

can produce either T

or T cloth

whether one follows
or the peg-plan C's .
R'=R'' N R%1s also
one. Each end 1s
threaded in one and
only one shaft of R1,
1.e. c1 , and in one
and only one shaft of
Ry, co. It therefore
belongs to the single

the peg-plan C')
R and Ry being

Threading
R'= R'1 N R'Q
depending on
R'= R'1 N R'Q
threadings,
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The purpose of this example was to show the power of the cloth formula model and multiple
diagrams.

To directly find a minimum threading that produces either T’} or T clothes, all you have to do with
Pointcarré is to juxtapose T and Ty in height, then analyze this new diagram with the "New
analyzed weave" function.

Although it looks messy, the R' threading is able to generate two very structured families of graphics.
This example is a good demonstration of the need for an abstract approach to be able to arrive at
threadings with such graphic possibilities ; it 1s one of the great charms of shaft weaving that it
highlights the structure underlying any geometric type of graphics.

The price to pay for combining two threadings, the number of shafts of the first threading multiplied
by the number of shafts of the second, may seem heavy. Fortunately it can be lower in many cases.
Imagine that we combine two threadings that respect the tabby, even ends odd ends, 1.e. that are
drawn on a "tabby network", or, if you prefer, on an straight 2 initial. For all even shafts, only the
even squares will be checkable, and, for all odd shafts, only the odd squares will be checkable. An
even shaft and an odd shaft will never have any ends in common, their intersection will be empty. In
all possible intersections between the two threadings, about half will be between even and odd shatfts,
so half of the shafts in R' are empty. An empty shaft is a shaft that is useless ! So we can remove it...
The combination of a threading of n shafts and a threading on p shafts drawn on a "tabby network"
gives a combined threading of np/2 shafts (or of (np+1)/2 if n and p are both odd), and not of np as
one might have supposed.

With threadings on networks of larger initials the number of shafts of the combined threading is
dramatically smaller than the product of the number of shafts of the threadings. If the threadings
have other common properties this number can be further reduced.

In fact the number of shafts of a combined threading is a function of the degree of similarity
between the two starting threadings. In the end, if we combine two equivalent threadings, the
combined threading will have the same number of shafts as the initial threadings ; in fact, it will be
equivalent to them.

The combination of threadings offers many possibilities of research. Why not combine more than
two threadings ? Combine conflicting graphic lines. Etc ...

If you liked this article, encourage me to write more !
Support me on social networks.
To know how to do: How to support me ?

To be kept informed about new articles : subscribe

For any question or comment : ol@oliviermasson.art.
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